Abstract. We study the set of solutions pω g,n q gě0,ně1 of abstract loop equations. We prove that ω g,n is determined by its purely holomorphic part: this results in a decomposition that we call "blobbed topological recursion". This is a generalization of the theory of the topological recursion, in which the initial data pω 0,1 , ω 0,2 q is enriched by non-zero symmetric holomorphic forms in n variables pφ g,n q 2g´2`ną0 . In particular, we establish for any solution of abstract loop equations: (1) a graphical representation of ω g,n in terms of φ g,n ; (2) a graphical representation of ω g,n in terms of intersection numbers on the moduli space of curves; (3) variational formulae under infinitesimal transformation of φ g,n ; (4) a definition for the free energies ω g,0 " F g respecting the variational formulae. We discuss in detail the application to the multitrace matrix model and enumeration of stuffed maps.
Introduction
Loop equations are ubiquitous in mathematical physics, and their solution compute interesting quantities in random matrix theory, combinatorics of surfaces, enumerative geometry (Hurwitz and Gromov-Witten theory), topological quantum field theories, etc. Specifically in each of these problems, one can often derive functional relations between quantities (that bear the name of Schwinger-Dyson equations, Virasoro constraints, Tutte's equations, cut-and-join relations, Ward identities, etc.) and then show that they imply loop equations. The latter take a universal form, and here we refer to the framework of "abstract loop equations" formulated in [6] . The quantity subject to these abstract loop equations is a collection pω g,n q g,n of meromorphic forms in n variables indexed by two integers n ě 1 and g ě 0. In this article, we propose a general study the set M of solutions of abstract loop equations. The definition of M depends on a few data that are made explicit in § 2.1, and M itself is in any case infinite dimensional.
The topological recursion of [17] already constructed a subset M 0 of solutions to abstract loop equations, by a recursion on 2g´2`n ą 0 starting from the initial data ω 0,1 and ω 0,2 . The solutions in M 0 have the property that the holomorphic part of ω g,n is normalized uniformly for all n and g. The topological recursion can be studied per se and enjoys beautiful properties: Seiberg-Witten like formulas for infinitesimal variations of the initial data [20] , symplectic invariance [19] , representation in terms of intersection numbers on M g,n [15, 14] , etc. It has received many applications in algebraic geometry [18, 26, 13, 9, 28, 21] , in relation with integrable systems [3, 25] , in knot theory [12, 11, 4, 5] , and we also refer to the examples given in [20, 6] for applications to matrix models and statistical physics.
As we shall review in Section 7, the necessity of considering the full M instead of its subset M 0 came matrix models with multi-trace interactions [2] and combinatorics of surfaces obtained by gluing elementary 2-cells of any topology. We find in Theorem 2.2 that M is an extension of M 0 by the adjunction of extra initial data pϕ g,n q g,n for each g and n with 2g´2`n ą 0. As a matter of fact, ϕ g,n is the "purely holomorphic part" of ω g,n , Theorem 2.2 shows that any pω g,n q g,n P M is determined by ω 0,1 , ω 0,2 and the pϕ g,n q 2g´2`ną0 , explicitly in Equations (6) and (7) . We decide to call ϕ g,n the blobs, and this construction is called the "blobbed topological recursion".
We prove that many of the interesting properties of the topological recursion -maybe to the exception of the relations with integrability -extend to its blobbed counterpart. In other words, they are structural properties of M. The blobbed topological recursion has several diagrammatic representations that are very helpful in proving general statements about M. We then prove: ‚ Theorems 3.1 and 3.2 expressing ω g,n in terms of intersection numbers. For this purpose, we use a different parametrization of M, denoted pφ g,n q g,n , and called "KdV blobs". ‚ Theorem 4.3 showing that the even part of the ω g,n 's are decoupled from the odd part. ‚ Theorem 5.2 computing the infinitesimal generator of the flows M corresponding to variations of the initial data φ h,k . For h, k ‰ p0, 1q and p0, 2q, this only makes sense in M -and not in M 0 . These formulae involve k-linear combinations of ω's, and contain all the necessary information to study solutions of loop equations on families of spectral curves with varying complex structures. ‚ Theorem 6.2 associating numbers F g :" ω g,0 (the free energies) to any point in MˆÀ gě0 C, in such a way that the variational equations are respected. The extra data in C accounts for "integration constants". We hope that our theory will shed some light on the geometric meaning of the topological recursion, and we think it is a good starting point to investigate further properties (in particular symplectic invariance, quantum curves), generalizations (noncommutative version, base field ‰ C), and relations to BV algebras and to homological algebra.
Loop equations and blobbed topological recursion

Loop equations.
2.1.1. Local setup. In order to fix the notation, let us recall that we consider a Riemann surface Σ which is a disjoint union of finitely many open disks U i , i P 1, s . We assume the data of a cover x : Σ Ñ V . By taking U i small enough, it is always possible to assume that it contains a single zero p i of dx. Throughout the paper we assume that all zeroes of dx are simple. Then, again by taking U i small enough, the deck transformation of the cover x : Σ Ñ V defines a holomorphic involution σ i : U i Ñ U i so that x˝σ i " x and σ i ‰ id. The p i are the fixed points of the σ i . We find convenient to call this "local spectral curve"; O Σ is the vector space of holomorphic functions, and K Σ the canonical bundle. They are both infinite dimensional since Σ is a collection of disks. Nevertheless, it is clear by going in local coordinates that their tensor product is well-defined. P " \ s i"1 tp i u is the divisor of zeroes of dx, and ∆ is the diagonal divisor in Σ 2 . A set of admissible correlators is a sequence pω g,n q g,n indexed by two integers g ě 0 and n ě 1. We ask that ω 0,1 " ydx and ω 0,2 " B with:
(1) y P OΣ ,P ,
OΣ ,P stands for the set of holomorphic functions on Σ that do not vanish on P . The extra subscript 1 means that we restrict to bidifferential forms with leading coefficient 1 on the diagonal, i.e.
Bpz 1 , z 2 q " dξpz 1 qdξpz 2 q pξpz 1 q´ξpz 22`O p1q,
in any local coordinate ξ around z 2 . And, for 2g´2`n ą 0, we ask:
As the notation indicates, admissible correlators are invariant under the action of S n permuting the n factors of Σ n . The abstract loop equations form a list of constraints on admissible correlators. In each degree pg, nq with g ě 0 and n ě 1, it consists of the linear loop equations: ω g,n pz, Iq`ω g,n pσ i pzq, Iq is holomorphic when z Ñ p i (since it is σ-invariant, it must have at least a simple zero at p i ); together with the quadratic loop equations, enforcing that:
(2) Q g,n pz, Iq :" ω g´1,n`1 pz, σ i pzq, Iq`ÿ J\J 1 "I h`h 1 "g ω h,1`|J| pz, Jq b ω h,1`|J 1 | pσ i pzq, J 1 q is a holomorphic quadratic form in z, with at least a double zero at z Ñ p i . Here I is a generic pn´1q-uple of variables in Σ. For a given local spectral curve C, we shall study the set M C of solutions of the abstract loop equations. It carries a filtration by n and g. pg, nq " p0, 1q and p0, 2q are called "unstable". The other degrees satisfy 2g´2`n ą 0 and are called "stable".
2.1.2.
Remark on global setup. We call "spectral curve" a surjective morphism of Riemann surfaces x : Σ Ñ V which, after restriction to suitable open neighborhoods of the ramification divisor in Σ and of the branching divisor in V , defines a local spectral curve in the sense of § 2.1.1. We do not put any assumption on the topology (connectedness, compactness, etc.) of Σ and V . The notion of admissible correlators in § 2.1.1 only depend on the data Σ and a divisor P Ď Σ. So, we also have notion of admissible correlators pω g,n q g,n on a spectral curve: they are meromorphic forms globally defined on n copies of Σ and respecting the axioms. Let C be a spectral curve, and C the corresponding local spectral curve. We define M C to be the sequences of admissible correlators in C, whose restriction to C is in M C . For obvious reasons, the results of this Section hold as well for M C .
2.2.
Description of the solution set.
2.2.1. Polar part and holomorphic part. Since ω 0,2 has a double pole with leading coefficient 1, for any meromorphic 1-form λ in Σ:
Pλpz 0 q :" is a meromorphic 1-form in Σ whose divergent part at P coincide with that of λ. We call it "the polar part" of λ. We can decompose:
where Hλ is now a holomorphic form. We call it the "holomorphic part" of λ. P and H are projectors, and P˝H " H˝P " 0. For meromorphic 1-forms of n variables, we define P j and H j the projectors acting on the j-th variable. We stress that the notion of polar part and holomorphic part depend on the data of ω 0,2 .
Definition 2.1. If pω g,n q g,n are admissible correlators, we introduce the "purely polar part" ω P g,n " P 1¨¨¨Pn ω g,n and the "purely holomorphic part" ϕ g,n :" H 1¨¨¨Hn ω g,n . Since ω 0,1 and ω 0,2 do not have pole at p i 's, projecting them to the polar part with respect to one variable gives zero. For 2g´2`n ą 0, since ω g,n has no pole on diagonals, the order to which the operations P i or H i are applied is indifferent. So, in both stable and unstable cases, ϕ g,n and ω P g,n are symmetric in their n variables.
Normalized solutions.
We say that a solution of abstract loop equations is normalized when, for any pg, nq such that 2g´2`n ą 0, we have P 1¨¨¨Pn ω g,n " ω g,n . Then, the purely holomorphic part of ω g,n vanishes for 2g´2`n ą 0. We denote M 0 C Ď M C the subset of normalized solutions. This is the framework of the usual topological recursion of Eynard and Orantin [17] . We define the local recursion kernel
Theorem 2.1. ω 0 is a normalized solution of abstract loop equations iff for any 2g2`n ą 0 we have:
Here, I " tz 2 , . . . , z n u is a generic n-uple of variables on Σ, and the symbol ř 1 means that we assume ph, 1`|J|q and ph, 1`|J 1 |q ‰ p0, 1q.
The result is proved in [17, 6] , but we shall give a short and self-contained proof in § 2.4. It says that normalized solutions are determined by their p0, 1q and p0, 2q parts with formula (4). We have a surjective map:
which associates to a solution pω g,n q g,n of abstract loop equations, the unique normalized solution ω 0 g,n constructed from pω 0 0,1 , ω 0 0,2 q " pω 0,1 , ω 0,2 q.
2.2.3. General solutions. One of our main result is an explicit description of M C .
Theorem 2.2. The projection to the "purely holomorphic part" defines a bijection:
We give the name "blobbed topological recursion" to the inverse bijection BTR C .
By Definition 2.1 and its following remark, the unstable part in the right-hand side is pω 0,1 , ω 0,2 q, and the stable part is pϕ g,n q 2g´2`ną0 and is indeed symmetric in its n variables. The result can be reformulated as an exact sequence:
We prove this theorem in by constructing BTR C : ϕ Þ Ñ ω by necessary conditions, and checking in § 2.6 it indeed defines a solution of abstract loop equations. To describe this inverse map, we assume that ω is a solution of loop equations, and we decompose it:
When ω g,n is a solution of abstract loop equations, we show in § 2.4 that the first term is given by a formula of type (4):
In the case of normalized solutions, the second term H 1 ω g,n vanishes, and this achieves the proof of Theorem 2.1. But in general, the second term is non-zero, and can be computed as a special case of a more general formula. We show in § 2.5 that, for any partition A \ B " 1, n , we have:
We underline again that, since ω g,n has no pole on the diagonals for 2g´2`n ą 0, the order of the operations H a and P b does not matter: the left-hand side is well-defined and H A P B ω g,n " H B P A ω g,n . We define Bip 0 pA, Bq as the set of bipartite graphs Γ with the properties:
‚ Vertices v are either of type ϕ or ω 0 , and carry an integer label hpvq (the genus), such that the valency satisfies 2hpvq´2`dpvq ą 0. ‚ Edges can only connect ϕ to ω 0 vertices.
‚ There are n unbounded edges (=leaves) labeled from 1 to n. The leaves with label a P A must be incident to ϕ-vertices, and the leaves with label b P B to ω 0 -vertices. ‚ Each ω 0 vertex must be incident to at least a leaf (so, if B " H, then we have no ω 0 vertices). ‚ Γ is connected and b 1 pΓq`ř v hpvq " g. Since all vertices are stable, the last constraint on the topology selects only finitely many graphs. The automorphisms of Γ are the permutation of the edges preserving the graphs and the leaf labels. The weight 0 Γ pz 1 , . . . , z n q is computed as follows. We assign variables z 1 , . . . , z n P Σ to the leaves, and integration variables z e to the edges. To each vertex v whose set of variables on incident edges is Zpvq, we assign a local weight ω 0 hpvq,dpvq pZpvqq or ϕ 0 hpvq,dpvq depending on its type. This does not depend on any order given to the variables in Zpvq since ϕ's and ω 0 's are symmetric in their variables. We then multiply all local weights: each edge variable z e appears twice in some combination ω 0 pz e , . . .qϕpz e , . . .q and we integrate it out with the pairing: Since all vertices are stable, the integrand does not contain a ω 0,2 and thus has poles only when one of the variables goes to the divisor P . Therefore, the final result does not depend on the order of integration of the edge variables: we obtain a meromorphic form in n variables Γ pz 1 , . . . , z n q. The second term in (5) is then computed from:
Since the right-hand side contains the projection on the holomorphic part for at least with respect to one variable, it is expressed in terms of ω 0 g 1 ,n 1 with 2g 1´2`n1 ă 0 and ϕ g 1 ,n 1 with 2g 1´2`n1 ď 2g´2`n. We underline that the variable z 1 (chosen arbitrarily) plays a special role in the decomposition (5) , and in particular the two terms P 1 ω g,n and H 1 ω g,n are in general not symmetric in their n variables.
Remark 2.2. Formula 7 computes in particular ω P g,n :" P 1¨¨¨Pn ω g,n as a sum over Bip 0 g,n pH, 1, n ). Since these graphs may have internal ϕ-vertices, ω P g,n is in general not equal to ω 0 g,n , although we have P 1¨¨¨Pn ω P g,n " ω P g,n . This implies that in general, the sequence of correlators ω 0,1 , ω 0,2 , pω P g,n q 2g´2`ną0 is not a solution of loop equations. 2.2.4. ω from its purely polar and purely holomorphic part. We can rewrite H A P B ω g,n solely in terms of ω P 's and ϕ's. Let Bip P g,n pA, Bq be the subset of graphs in Bip 0 g,n pA, Bq that do not contain internal ϕ-vertices, and we define a new weight P Γ for such graphs: we rename ω P and ϕ the type of vertices in Bip P pA, Bq, and assign local weights ω P hpvq,dpvq or ϕ hpvq,dpvq to a vertex v according to its type. The total weight P Γ is then computed as in § 2.2.3, by integrating out all edge variables with the pairing (8).
Proposition 2.3. If pω g,n q g,n is a solution of abstract loop equations, we have for 2g´2`n ą 0 and partition A \ B " 1, n :
This is an easy consequence of (7) proved in § 2.7 by a resummation of internal ϕ-vertices in Bip 0 g,n pA, Bq.
Diagrammatics and examples.
2.3.1. Normalized solutions: skeleton graphs. We first review the diagrammatics of the usual topological recursion, i.e. the computation of any normalized solution of abstract loop equations:
as a sum over skeleton graphs. Indeed, by applying repeatedly the residue formula (4), we arrive in 2g´2`n steps to an expression of ω g,n involving only the recursion kernel K i and ω 0,2 (Proposition 2.4 below). At each step of the recursion, so there are many ways to go further, since we need to choose a leg to apply the residue formula. We will explain that, if we choose an initial leg i 0 P 1, n , there is a canonical way to make further choices. Though this approach breaks the symmetry, it has the advantage to restrict the number of terms. Let i 0 P 1, n . For 2g´2`n ą 0, we define a set Skel g,n pi 0 q of graphs G such that:
‚ G has n leaves labeled from 1 to n, trivalent vertices, bivalent vertices, and its first Betti number is g. ‚ the trivalent vertices have a cyclic order of their incident half-edges. ‚ G is equipped with a spanning tree T , going through all trivalent vertices, and rooted at the leaf i 0 . All the other leaves are incident to a bivalent vertex. We shall impose an extra constraint on the graphs, but first need some vocabulary. We require the following property for our graphs:
‚ If the two edges incident to a bivalent vertex are separating, they should be incident to a leaf and a trivalent vertex. If they are non separating, they must be incident to two parent trivalent vertices. Alternatively, one can erase the black bivalent vertices and replace their two incident edges with a single dashed edge.
Definition 2.4. There is a unique way to arrive at a trivalent vertex v following a path in T from the root. The edge on which we arrive to v is called the source, and we say that the next (resp. previous) edge according to the cyclic order at v is "left" (resp. "right").
We give a few example of skeleton graphs in G g,n pi 0 q, and counterexamples in Figure 3 .
The weight of G is obtained by: (1) assigning points z 1 , . . . , z n P Σ to the leaves; (2) browsing T , at each trivalent vertex v met, assigning an integration variable z v to the left edge, and σpz v q to the right edge. Now, all edges carry a variable. (3) Assigning a local weight Kpz 2 , z 1 q :"
q to a vertex v in T whose source edge carries z 1 and left edge carries z 2 ; (4) assigning a local weight ω 0,2 pz e 1 , z e 2 q to a bivalent vertex with incident edge variables tz e 1 , z e 2 u; (5) multiplying all local weights; (6) for each vertex v in T (starting with the last one in the exploration of T from the root) apply the operation ř s i"1 Res zvÑp i to the expression obtained so far. In the equivalent representation of G where bivalent vertices were replaced by dashed edges, each halfdashed edge carries a variable prescribed by the assignment made at leaves and then by browsing T . e Figure 3 . Examples of graphs that do not belong to Skel g,n pi 0 q. In the first graph, K vertices do not form a tree. In the second graph. In the third graph, the edge e connects vertices that are not parent.
Proposition 2.4 ([17]
). Denote ω 0 g,n the normalized solution associated to ω 0,1 and ω 0,2 -see Theorem 2.1. For any 2g´2`n ą 0 and i 0 P 1, n , we have:
Proof. If we choose the variable attached to an edge i 0 to apply a step of the recursion, one produces a trivalent vertex with source edge i 0 . We declare one of the two other edges to be the left one e L -this is an arbitrary choice of cyclic order -and always decide to apply the recursion at the next step to the edge e L . In this way, one easily proves that ω 0 g,n is a sum over graphs which have the properties announced.
Remark 2.5. Since Kpz, z 1 q has a pole at z 1 " z, σpzq and ω 0,2 pz 1 , z 2 q has a pole at z 1 " z 2 , the order of taking the residues does matter. However, two graphs that differ by their cyclic ordering at the vertices have the same weight, since it merely correspond to a change of variable of integration z Ñ σpzq.
Remark 2.6. By consistency, the sum over skeleton graphs must be symmetric in the n variables, although i 0 seem to play a special role. The symmetry can be checked by direct computation, see [17] . Figure 4 . List of skeleton graphs. It remains to distribute the leaf labels 2, . . . , n in all possible inequivalent ways. For instance, the graph for p0, 3q gives rise to 2 terms, whether we find the leaf 2 on the right on the left.
2.3.2.
General solution: bipartite skeleton graphs. To compute a general solution pω g,n q g,n of the loop equations, we can project with respect to each variable either to holomorphic or polar part and use formula (7):
Corollary 2.5. For any 2g´2`n ą 0, we have:
where Bip 0 g,n "
Ů A\B" 1,n Bip 0 g,n pA, Bq, and the local weight of ω 0 -vertices is itself computed as a sum over skeleton graphs of Theorem 2.4.
2.4.
Computation of P 1 ω g,n (proof of Equation (4)). The proof already appears in [6, Section 1], but we give here a short and self-contained proof. This formula is important for it will also be used in § 2.5 to compute the second term H 1 ω g,n .
If λ is a 1-form, we denote:
in terms of the local involution σ near the p i 's. For λ, µ two 1-forms, we have:
If λpz, . . .q depends on many variables ∆ z or S z the action of these operators act on the first variable. Let pg, nq such that 2g´2`n ą 0. We compute:
The linear loop equation tells us that S 1 ω g,n pz, Iq is holomorphic when z Ñ P , hence the residue of the second term vanishes. Let us rearrange the expression Q g,n involved in the quadratic loop equations (2), by writing apart ω g,n and using (11):
The remainder is:
where ř1 means that the terms containing ω 0,1 were excluded. Therefore:
he assumption y P OΣ ,P implies that ∆ z ω 0,1 has exactly a double zero when z Ñ p i , so the prefactor ∆ 1 G i pz, z 0 q{∆ω 0,1 has exactly a simple pole at z Ñ p i . We conclude by observing that the two last terms do not contribute to the residue since: Q g,n pz, Iq has a double zero when z Ñ p i according to the quadratic loop equations ; and S 1 ω g,n pz, Iq and Sω 0,1 pzq both have at least a simple zero according to the linear loop equations.
2.5.
Computation of H A P B ω g,n (proof of Equation (7)). If B " H, there is only one graph in Bip 0 g,n pA, Bq, namely the ϕ-vertex by definition of the purely holomorphic part, so formula (7) holds. We shall prove it in general by induction on increasing values of 2g´2`n ą 0 and |B|.
We first consider 2g´2`n " 1, that is pg, nq " p0, 3q and pg, nq " p1, 1q. For the case p0, 3q, we have from the residue formula (6):
The right-hand side is already of the form P 2 P 3 λpz 1 , z 2 , z 3 q, thus:
This agrees with formula (7), since Bip For the case pg, nq " p1, 1q, the residue formula (6) gives:
and this agrees again with formula (7) for A " H and B " t1u.
Fix pg, nq with 2g´2`n ě 2 and B a non-empty subset of N " 1, n . Assume the formula (7) is proved for all pg 1 , n 1 q such that 2g 1´2`n1 ă 2g´2`n, and for |B 1 | ă |B|. Pick an arbitrary element b 0 R B. We denote:
We first write the residue formula (6) with respect to the variable z b 0 for P b 0 ω g,n :
The ř2 means that we exclude the terms containing ω 0,1 , or ω 0,2 -which was written in the last line. Note that, since we assumed 2g´2`n ě 2, ω g´1,n`1 ‰ ω 0,2 and the last line does not contain products of two ω 0,2 . We would like to apply H A P B to the right-hand side. We can commute these operations with the residue in z when the integrand has no pole when z a , z b approaches z or σ i pzq. This is the case for all variables in the second line, but not for the variable j in the last line. However, after taking the residue in z the j-th term in the last line is already in Im P b 0 P j . Hence:
Then, we project the integrand in each variable z and σ i pzq either to the holomorphic part or to the polar part, and we can replace the integrand with sums over bipartite graphs using the induction hypothesis. We would like to push the residue in z inside the weights of the graphs, and we need to discuss the type of terms that appear.
? Figure 5 . Terms appearing in Equation (13) . The areas marked by "?" are subgraphs that need not be connected. pB j q j (resp., pA j q j ) form a partition of A (resp., B).
we get a term of the form:
for some U which is a holomorphic form in z and in σ i pzq. z M represents other external variables or integration variables (appearing in the weight of a graph) that the integrand may involve. The operation R stands for the residue at P taken on the integration variables. The only poles of the integrand in those variables occur at P , so R can be put in front of the residue on z. Then, it can be written:
The brackets represent integration over z 1 , z 2 , and over all other integration variables present in z M . 2 ‚ If we use H z P σ i pzq , we get a term of the form:
for some U pz, z M q which is a holomorphic form in z, and some ph, kq ‰ p0, 1q and p0, 2q. z M and z M 1 represents other external or integration variables (appearing in the weight of a graph) that the integrand may involve. Since ph, kq ‰ p0, 2q, we can pull R in front of the residue in z. In what concerns the U , we can write again:
We also encounter in the initial sum the term where the role of z and σ i pzq is interchanged.
3 ‚ Using P z P σ i pzq yields a term of the form:
for some ph, kq ‰ p0, 1q and p0, 2q. Since ω 0 0,2 vertices do not appear in any graph of Bip 0 , we can pull R before the residue in z. The result is the pairing:
When we replace the Hω's in the right-hand side of (13) with sums over bipartite graphs, each term comes from a (maybe disconnected) bipartite graph Γ. We shall associate to each term a new bipartite graph Γ P Bip 0 g,n pA, Bq. It remains to check that all graphs of Bip 0 g,n pA, Bq appear with a total weight that matches (7) . Here is how we build Γ, with notations taken from the previous list:
‚ In case 1, we connect the leaves e and σpeq of Γ carrying the variables z and σpzq, to a ω 0 0,3 -vertex, and add a leaf labeled b 0 to it. Note that e and σpeq in Γ become (internal) edges in Γ. This graph has a symmetry factor of 1{2 due to permutation of z and σ i pzq. ‚ In case 2, denote e 1 the leaf of Γ carrying the variable z 1 , and decompose M Now, we collect all the terms in (13) which are associated to the same graph Γ P Bip 0 g,n pA, Bq. We classify them according to the typology of the ω 0 h 0 ,k 0 -vertex v to which b 0 is incident. Let us denote E the set of edges (resp. L the set of leaves excluding b 0 ) to which v is incident, M the set of all other edges and leaves in Γ, and U Γ v pz E , z M q the product of local weights over all vertices in Γ except v. We recognize from (14)- (17) that the terms associated to Γ is:
|Aut Γ| This expression coincides with Γ , and we have proved the formula (7) for H A P B ω g,n . We conclude to the general case by induction.
2.6. End of proof of Theorem 2.2. Now, we have to show that for arbitrary sequence of holomorphic symmetric 1-form in n variable pϕ g,n q 2g´2`ną0 , the correlators ω g,n defined by the sum of the right-hand sides of formulas (6) and (7) satisfy abstract loop equations. We first observe that, since the right-hand side of (7) is holomorphic in its first variable, the right-hand side of (4) can be identified with P 1 ω g,n . The linear loop equation is clearly equivalent to:
and since ∆ω 0,1 has exactly a double zero at p i , the quadratic loop equation is equivalent to:
where P 1 acts on the 1-form in the variable z 1 to its right. The ratio Q g,n pz 1 , Iq{∆ω 0,1 pz 1 q is odd in the variable z 1 with respect to σ -we can symmetrize and obtain the equivalent equation:
where we remind the expression of the recursion kernel (3). Assume 2g´2`n ą 0. The right-hand side of (4) gives a formula:
Since the ratio r Q g,n pz, Iq{∆ω 0,1 pzq is odd in the variable z with respect to σ, we can desymmetrize:
The operators S 1 and P 1 obviously commute, thus:
This justifies the linear loop equation.
In the left-hand side of (18) and using the expression (12) for Q g,n , we recognize a piece coinciding with the definition of P 1 ω g,n :
Thanks to the linear loop equation, the first term in the bracket has a double zero at z Ñ p i , hence does not contribute to the residue. The last term in the right-hand side is thus equal to: 1 4
Since S 1 ω g,n pz, Iq is holomorphic, it can be added to the integrand without changing the result. Then, we can desymmetrize the formula and recognize P 1 ω g,n pz 1 , Iq. This justifies the quadratic loop equation.
Proof of Proposition 2.3. Equation 7
expresses the left-hand side as a sum over graphs in Bip 0 g,n pA, Bq with weight involving ϕ's and ω 0 . Those graphs may contain internal ϕ-vertices, i.e. that do not have any incident leaves. In particular, Bip 0 g,n pH, 1, n q is the set of graphs where all ϕ-vertices are internal and according to Formula 7
If Γ is a graph in Bip 0 g,n pA, Bq, let us erase all its ϕ-vertices which are incident to at least a leaf. We obtain a number of connected components Γ C of total genus h C and with k C new leaves (which were initially connected to some external ϕ-vertices) and k 1 C old leaves (those incident to the ω 0 -vertices in Γ C ). The k C leaves are not ordered, but the connected components Γ C can be grouped in clusters according to the leaf labels incident to the ϕ-vertices they were incident to in Γ. This is taken into account by the automorphism factor in Γ. Each Γ C can be seen as a graph in Bip
, and all such graph appears. Including the symmetry factor, the contribution of the connected component C to the weight 0 Γ (before integrating out the variables carried by edges incident to external ϕ-vertices) is precisely ω
pZ C q given by (20) . This entails Corollary 2.3.
Relation to intersection theory on the moduli space
The goal of this section is to relate the formulas (6) and (7) for general solutions of the abstract loop equations to the intersection theory of the moduli spaces of curves M g,n , namely, we express these solutions in terms of the intersection indices of ψ-classes. In order to do this, we need a different parametrization of the space of solutions. The parameters are again symmetric holomorphic forms that we denote by φ g,n , but they in general differ from ϕ g,n of Section 2. We give below both the formulas for the expansions of ω g,n 's and ϕ g,n 's in terms of these new parameters.
3.1. Expansions and differential operators. We are interested in the expansions of the differential forms ω g,n near the points p 1 , . . . , p s in the local coordinates ζ 1 , . . . , ζ s defined by (up to an arbitrarily chosen sign) x " ζ 2 i {2`a i , i P 1, s , where a i " xpp i q, i P 1, s . LetŨ i the domain of definition of ζ i , andΣ the disjoint union ofŨ i . In presence of many variables, ζ i, denotes this coordinate for the -th variable. We introduce the "standard bidifferential":
and H KdV the projection to the holomorphic part (Definition 2.2.1) using ω 0,2 | KdV instead of ω 0,2 . For 2g´2`n ą 0, we define:
KdV n ω g,n and we take the conventions:
The φ's are symmetric, holomorphic forms 1 . in their n variables in Σ " \ s i"1 U i . We may call them "KdV-blobs".
Let us first fix the notation for the expansions. For any pg, nq, we write the Taylor expansions at the ramification points:
near the point pp i 1 , . . . , p in q P Σ n . Now we introduce differential operators that use the coefficients of these expansions. For any pg, nq ‰ p0, 1q we denote:
,
indexed by integers i P 1, s and d ě 0 is some set of formal variables. The case of pg, nq " p0, 1q is exceptional, in this case we denote:
.
The two terms d " 0 and d " 1 are missing in this sum compared to (22) . Let us comment on that.
The coefficients φ 0,1 r i 0 s " ydx| p i are equal to zero since we assumed that y is holomorphic (recall that p i is a critical point of function x). The coefficients φ g,n r i 2 s were excluded because they play a special role; we denote them by α i indexed by i P 1, s and they were assumed non-zero. For any pg, nq we denote by p φ g,n the sum ř
Remark 3.1. We insist that p φ g,n only depends on the coefficients of the purely odd part of the φ g,n . In particular, p φ g,n " 0 whenever φ g,n is even in at least one of its variables.
Explicit formula.
We consider the Witten-Kontsevich partition function of intersection numbers of ψ-classes on M g,n , which is a Tau function of the KdV hierarchy [24, 27] :
n the variables pt d q dě0 . For 2g´2`n ą 0:
The integrals over M g,n in this expression are zero when
It is convenient to modify this partition function to include the intersection numbers M 0,2 and M 0,1 . By convention, they extend to n " 1 and 2 the formula @n ě 3,
o do so, we introduce extra variables t´1, t´2, t´3, . . ., and define the corresponding generating function as
Finally, we denote by Z i the following modification of τ KdV :
This defines Z i to be a series in and pt i,d q dPZ , and the rescaling by α i implies that each monomial g´1 ś n "1 t i,d in ln Z i comes with a prefactor p´α i q 2´2g´n . We define a new partition function Z by the following formula:
The fact that it is well-defined will be explained in the next paragraph. Since the p φ g,n are pure differential operators, they all commute and we can apply each e p φg,n separately. We expand ln Z in the variables and t i,d : (27) ln Z "
We call pg, nq-part of ln Z the sum of terms coming with g´1 {n! in (27) . Our main result is: Theorem 3.1. There exists a solution of the abstract loop equations characterized by the following property: for any pg, nq the odd part (in each variable) of the expansion of ω g,n near pp i 1 , . . . , p in q in the local coordinates ζ i 1 , . . . , ζ in is given by
The statement of the theorem requires one convention. In the case pg, nq " p0, 2q and i 1 " i 2 , we must assume the convergence of the series in the right hand side of Equation (28), that is, we assume that |ζ i 1 | ą |ζ i 2 | for the sum over d 1 ě 0 and d 2 ă 0, and |ζ i 1 | ă |ζ i 2 | in the opposite range d 1 ă 0 and d 2 ě 0.
Remark 3.3. As we see, the odd part of the expansions of a solution of the abstract loop equations is characterized in terms of the new parameters φ g,n . The odd parts of the expansions of the standard parameters ϕ g,n can then be reconstructed using Definition 2.1. There is no unicity because the property (28) does not fixes the even part, but we show in § 4.1 that the even part decouples. The fact that Theorem 3.1 allows a representation is explained in its proof in § 3.6.
This relates the computation with the odd part of the blobbed topological recursion (4) to a computation whose elementary blocks are the intersection of ψ-classes. We show below in § 4.1 that the even part of the ω g,n is somewhat decoupled. The key substitution relation is:
valid for any d P Z. In particular, for negative indices:
We will prove Theorem 3.1 by diagrammatic techniques in § 3.5-3.6, but we first give some illustration on how it works in some special cases that were already known and that will be used in the general proof.
3.3. Structure of the partition function and exceptional correlators. It is not obvious that expansion given by Equation (27) is well-defined. Namely, from the general shape of Equation (26) one could expect that there is an infinite summation involved in the definition of each particular correlator in (27) . In this section we first prove that the expansion in (27) is well-defined, and then show how this formula works in two examples.
3.3.1. Structure of partition function Z. In order to prove that Equation (27) is welldefined we should find a way to eliminate the p0, 1q and p0, 2q-terms in Z i , i P 1, s , and the operator p φ 0,1 . First we can observe that the action of p φ 0,1 is well-defined. Indeed, it is just a shift of the variables t i,d for d ě 2. Since ln Z i can be considered as a formal power series in the variables t i,d , d ď 1, whose coefficients are polynomials in t i,d , d ě 2, this shift of variables is well-defined. More precisely, the expansion of ln`expp p φ 0,1 qZ i˘i s given by (31)
is a finite sum in this expansion. Furthermore, it is easy to see, for the same dimensional reason, that the pg, nq " p0, 1q, p0, 2q, p0, 3q and p1, 1q terms of this expansion coincide with those of ln Z i (the argument will be revisited in Lemma 3.5 below).
Since
o, we can consider Equation (26) as an action of this operator on a product of usual KdV tau-functions with rescaled and shifted (for d ě 2) variables, which is well-defined.
3.3.2.
Case pg, nq " p1, 0q. Let us discuss a simple example in order to see how we get expansion of ω 0,1 via Theorem 3.1. Indeed, from the definition we have:
On the other hand, the pg, nq " p0, 1q-part of ln Z is given by the sum over i of the following expression:
After the changes (29)-(30), we get exactly the right hand side of Equation (32).
3.3.3. Case pg, nq " p0, 2q. In this case, from the definition we have the following expansion inŨ iˆŨj :
The p0, 2q-part of ln Z is given by the sum over i and j of the following expression
If we take into account Remark 3.2, then after the changes (29)- (30), we get exactly the right hand side of Equation (33).
3.4. Special cases of Theorem 3.1. In this paragraph we collect some known special cases of Theorem 3.1. The one discussed in § 3.4.2 is needed later in the general proof of this theorem.
3.4.1. Case of p φ g,n " 0 for all g, n. On the topological recursion side, the odd part of the p0, 1q correlator near the point p i is
Furthermore, we have:
where
Eventually, for 2g´2`n ą 0, it is proved in [15] (see also the book [16] ) that ω g,n is odd in each variable, and:
near the point pp i , . . . , p i q, and the expansions near the points pp i 1 , . . . , p in q are equal to zero if i k ‰ i for some 1 ď k ă ď n.
On the other hand, Z " ś s i"1 Z i , and by comparison with the definition of the Witten-Kontsevich partition function:
We apply the transformation (29) of monomials in ln Z:
Remark 3.5. For 2g´2`n ą 0, only the non-negative d i contribute in (37). Since the top dimension of M g,n is 3g´3`n, ω g,n | KdV has a pole of total degree 6g´6`4n, and actually is homogeneous of degree´3p2g´2`nq in its n variables.
3.4.2.
Non-trivial p φ 0,1 . This case falls in the scope of the usual topological recursion of [20] with an arbitrary local expansion of the function y near the points p i , i P 1, s , but ω 0,2 still being the standard bidifferential. In this case the local expansion of ω g,n , 2g´2`n ą 0, is given by the following formula:
near the point pp i , . . . , p i q. The expansions near the points pp i 1 , . . . , p in q are equal to zero if i k ‰ i for some 1 ď k, ď n. This is just a properly renormalized formula in [14] . It is obvious (see Equation (31)) that the intersection number
should come from the coefficient of the monomial ś n "1 t i,d in the corresponding summand 2 of`p φ piq 0,1˘m ln Z. Indeed, by definition the operator p φ piq 0,1 replaces the variable t i,a , a ě 2, that controls a factor of ψ a in the intersection class with the scalar coefficient 2 Since p φ 0,1 is an order 1 operator, it does not matter whether we apply it to Z and then take the logarithm, or if we apply it directly to ln Z. φ 0,1 r i 2a s p2a´1q!!. So we have Theorem 3.1. This formula can be nicely rewritten in terms of κ-classes [14] , as we recall in Appendix A. Notation 3.6. We denote the n-form in the right-hand side of (40) by ω g,n | l KdV . It implicitly depends on the coefficients of p φ 0,1 .
3.4.3. Non-trivial p φ 0,1 and p φ 0,2 . This is the general setting of the usual topological recursion with ω 0,2 a priori different from the standard bidifferential ω 0,2 | KdV . It creates n-forms ω g,n which can be non-zero even when the n variables belong to different open sets. This is the simplest case of non-trivial coupling between the ramification points. It is obtained from the KdV by action with the exponential of a second order differential operator, see [13, 22] for the special cases of that. Our Theorem 3.1 is then equivalent to the results of [14] , namely [14, Theorem 3.1] for one ramification point and [14, Theorem 4.1] in the general case. This actually allowed a proof [21] of the BKMP conjecture [9] , stating that open Gromov-Witten invariants of toric Calabi-Yau 3-folds are computed by the topological recursion with initial data coming from their mirror curve.
Diagrammatic representation of coefficients of Z in terms of KdV.
There is a way to represent the coefficients x i 1 ... in d 1 ... dn y g in Equation (27) (or, equivalently, the n-forms ω pi 1 ,...,inq g,n ) graphically. Indeed, every term can be represented as a sum of contributions of connected bipartite graphs Γ with the following structure:
‚ There are two types of vertices: KdV-vertices and Φ-vertices. ‚ Each vertex v is labeled by a non-negative integer (called genus) hpvq ě 0, and we require ř v hpvq`b 1 pΓq " g. ‚ The valency of each vertex is at least 1. ‚ Each (internal) edge connects a KdV-vertex and a Φ-vertex. ‚ There are exactly n leaves (= unbounded edges), and they are labeled by the numbers 1, . . . , n. ‚ Each leaf is connected to a KdV-vertex of genus 0 and of valency 2, with one exception: if pg, nq " p1, 0q, Γ has just one vertex, which is the KdV vertex of genus 0 and valency 1, and the leaf is connected to it.
Notation 3.7. We denote G g,n this set of connected bipartite graphs.
We now describe the weight ω Γ g,n assigned to such a graph Γ. We first assign variables to any edge of color i: integration variables z e for an internal edge e, and external variables z k for the leaf labeled by k P 1, n . We denote by E " EpΓq the set of the internal edges, and we denote by E 0 Ď E the subset of internal edges attached to the same KdV vertices as the leaves. By our last rule, provided Γ is neither the p0, 1q-KdV vertex with one leaf or the p0, 2q-KdV vertex with two leaves, the set E 0 " te 1 , . . . , e n u is in one-to-one correspondence with the set of leaves. The weight of Γ is a symmetric form in n variables defined by Drvs are local weights associated to a vertex v. Let us denote dpvq its valency, hpvq its genus, and tep1q, . . . , epdpvqqu its set of incident edges (internal edge or leaf) ‚ If v is a KdV vertex, Drvs is the symmetric meromorphic form in dpvq variables equal to ω hpvq,dpvq | KdV pz ep1q , . . . , z epdpv. ‚ If v is a Φ-vertex, Drvs is the symmetric holomorphic function of n variables equal to Φ hpvq,dpvq pz ep1q , . . . , z epdpv, where:
f pg, nq " p0, 1q. Here we assume that the variable z j belongs to the open set U i j , and the corresponding integration starts from the ramification point p i j . Since in (41) we are computing residues of products of holomorphic functions by meromorphic 1-forms, ω Γ g,n in general does not vanish. |AutpΓq| is the number of permutations of edges and vertices labels fixing the label of each leaf and preserving Γ. 
defines a solution of abstract loop equations.
We prove this theorem in § 3.6. Using this theorem, we can prove Theorem 3.1. Indeed, it is a direct consequence of the following simple Lemma: Lemma 3.3. In U i 1ˆ¨¨¨ˆU in , we have the following expansion:
where ω pi 1 ,...,inq g,n was by definition the right-hand side of (28).
Proof. In fact, this Lemma is almost obvious. Indeed, consider an expansion of an expression of the same type as (26) , that is, an action of a differential operator with constant coefficients on an exponential formal power series. Then the results can always be presented as a sum of bipartite graphs, where the two types of vertices represent the coefficients of the original formal power series and the coefficients of the differential operator; leaves correspond to the variables in which we expand the result, and the edges correspond to particular differentiations in the operator.
In our case, we re-arrange the result of this computation into a differential form via the substitution t i,d Ø p2d`1q!!ζ´p 2d`2q i dζ i described in (29) and used above in the definition of the expansion of ω g,n at pp i 1 , . . . , p in q. Then the only subtle thing is that we want to represent differentiations in terms of the residues. Then it is enough to observe that the identity for d P Z:
is reproduced by the residue pairing:
while the last equality is precisely the computation on the internal edges in the residue formula.
Remark 3.8. Using this diagrammatic formalism, we can now represent Equation (40) for ω g,n | l KdV in terms of graphs. In this case the only non-trivial Φ-vertices v have hpvq " 0 and dpvq " 1 (see Figure 6 ). Figure 6 .
Relation between the KdV vertices and the diskrenormalized KdV vertices. The graphs in the right-hand side have a symmetry factor 1{m!.
Graphical representations of topological recursion.
In this Section we compare the sum of the graphs in Equation (7) with the one presented in § 3.5. Since we are able to identify these two expressions, this way we will prove Theorem 3.2, and, as a corollary (cf. Lemma 3.3) Theorem 3.1. This way we also explain an explicit relation between the parameters φ g,n and ϕ g,n .
Consider Equation (43) for 2g´2`n ą 0. There are several options for the leave number i, 1 ď i ď n. It can either be attached to a stable KdV vertex, or it can be attached to a p0, 2q-KdV vertex that is further attached to a p0, 2q-Φ vertex, or it can be attached to a p0, 2q-KdV vertex that is further attached to a stable Φ-vertex. In the first two cases we say that the i-th leaf of P-type, and in the third case we call it H-type.
Consider ω g,n given by the sum of graphs (43). A direct consequence of the definition of the projections P and H in § 2.2.1 is the following lemma.
Lemma 3.4. If ω g,n is given by the sum over graphs (43), then for any partition A \ B " 1, n , the form P A H B ω g,n is given by the sum over the subset of graphs in G g,n , where all leaves with labels in A are of P-type and all leaves with labels in B are of H-type. Now, we have a formula for ϕ g,n . It is given by the restriction of the sum of graphs (43) to those graphs, where all leaves are of the H-type. We remove the p0, 2q-KdV vertices on the leaves using the following formula for the expansions of ϕ g,n (see Figure 7 ):
Now, we can arrange the vertices of any graph in G g,n , 2g´2`n ą 0, into clusters. Any cluster is a connected subgraph of positive Euler characteristic. Namely, we consider the maximal connected subgraphs that consist of the KdV-vertices (stable or The hatched circle represents any symmetric holomorphic form in n variables, and the hatched square the holomorphic function of n variables, so that formula (44) hold. We remind that the bivalent genus 0 KdV vertices represent the standard bidifferential dζ b dζ 1 {pζ´ζ 1 q 2 . Edge correspond to the residue pairing between a form and a function, with the special rule (41) for the point at which the residue is taken. unstable), unstable Φ-vertices, and have at least one leaf of P-type. These clusters are contributions to the graphical formulas of Eynard in [14] for the solutions of the usual topological recursion, so they form the black-white vertices in the terminology of Section 2. The connected components of the complement of these clusters are exactly of the type we use in the formula for ϕ g,n of Lemma 3.4 (with the same remark that the p0, 2q-KdV vertices on the leaves should be removed). These graphs from the pg, nq ϕ-vertices in the terminology of Section 2, and indeed they can be internal, or be incident to H-leaves.
So, this way we represent black-white and gray vertices of Section 2 as the sum over special subgraphs of graphs in G g,n , and this way we associate with any graph in Bip 0 g,n a subset of graphs in G g,n . The disjoint union of these subsets forms the whole set G g,n , and the definition of the weights of graphs imply that the weight of a graph in Bip 0 g,n given by Equation (8) is equal to the sum over the corresponding subset of graphs in G g,n of the weights given by Equation (41). This proves Theorem 3.1 and explains the relation between the parameters φ g,n and ϕ g,n .
Remark 3.9. In fact, we can sketch a different proof of Theorem 3.1, which is easier. First, we observe that the ω g,n | KdV (our KdV-vertices) solve the abstract loop equations. In this case the abstract loop equations are equivalent to the Virasoro constrains for the intersection indices of ψ-classes, see [15] or [14] . Then, we observe that all dependence on the variables is through the leaves that are attached to the KdV-vertices. So, since the abstract loop equations are of the local nature, we can apply it to the piece of the graph that consists of one or two KdV vertices of fixed Euler characteristic, and this will imply the same property for the whole sum over graphs.
A big disadvantage of this approach is that we do not see that we can represent in this way any solution of the abstract loop equations. This can be done only through a link to Theorem 2.2, as we did in our proof.
3.7.
Renormalization by p φ 0,1 . In this paragraph, we simplify a bit the diagrammatics of Section 3.5. The set of graphs G g,n is infinite, since without changing the topology: we can attach an arbitrary number of Φ 0,1 -vertices to each of the KdV vertex ; and we can replace a p0, 2q-KdV vertex by an arbitrarily long sequence alternatively made of p0, 2q-KdV vertices and Φ 0,2 vertices. Nevertheless, the sum (43) is finite because only a finite number of them have non-zero weight -this has to do with the absence of poles at p i 's in φ g,n as well as ω 0,1 | KdV and ω 0,2 | KdV , see Section 3.3.1. The argument of Section 3.3.1 can be revisited in terms of graphs in the following way.
Lemma 3.5. The weight ω Γ g,n vanishes if the graph Γ has one of the following properties: ‚ there exists a p0, 1q-KdV vertex incident to an internal edge. ‚ there exists a KdV vertex attached to k p0, 1q-Φ-vertices, with total valency n`k for n ě 0, k ě 1, and genus g ě 0, such that 2g´2`n`k ą 0 and k ą 3g´3`n. ‚ there exists an internal p0, 2q-KdV vertex. Proof. p0, 1q KdV vertices that are incident to an internal edge e have weight α i ζ 2 i,e dz i,e for z e P U i , and they are paired with Φ-vertices whose weight is a holomorphic function, hence yield a zero weight.
For the second statement, we need to prove that:
whenever 2g´2`n`k ą 0 and k ą 3g´3`n. Let us consider a pairing of ω g,n`k | KdV with k Φ 0,1 -vertices, with k ě 1. Since 2g´2`n`k ą 0, the pairings only involve residues at p i 's. According to the definition (42), Φ 0,1 behaves as Opζ 5 i q around p i , therefore it can only gives a non-zero result when it is paired with ζ´2
k ď 3g´3`n. In particular, any graph where k ě 1 Φ 0,1 -vertices are attached to a p0, 2`kq vertex receives a zero weight.
To prove the last statement, we need to consider:
Res
pζ 1´ζ 2 q 2 . Since Φ's are holomorphic at pp i , p i 1 q, these two residues are zero.
For pg, nq ‰ p0, 1q, let us define the set of reduced bipartite graphs G l g,n which do not have p0, 1q-vertices, and in which each p0, 2q-KdV vertex is attached to at least one leaf. By convention, G l 0,1 consists of a single graph, made of a p0, 1q-KdV vertex attached to the leaf. Lemma 3.6. For any g ě 0 and n ě 1, G l g,n is finite. Proof. The statement is obvious for pg, nq " p0, 1q, p0, 2q. Consider Γ P G l g,n , 2g´2`n ą 0. According to our defining rules, there are no p0, 1q KdV or Φ-vertices, and at most n p0, 2q-KdV vertices. Since the total g is fixed, the total number of KdV-or Φ-vertices carrying a positive genus is bounded. We have the two basic relations: ÿ
and we deduce:
In particular, there exists only a finite number of KdV vertices. Since the graph is bipartite, it also means that there exists a finite number of Φ-vertices -which was the piece of information missing in (46). We conclude that there exists a finite number of vertices, so we can only form a finite number of graphs.
To a graph Γ P G l g,n , we assign a new weight ω Γ,l g,n . It is defined following the steps of § 3.5, but now each ph, kq-KdV vertex is assigned a renormalized weight ω h,k | l KdV , that incorporates the effect of blossoming Φ 0,1 vertices (see Figure 6 ). We ruled out in G l g,n graphs which had zero weight according to Lemma 3.5, so the result of the sum over reduced graphs is the same:
This formula holds for any g and n. The first graphs in G l g,n are given in Figure 8 . Remark 3.10. The proof of Lemma 3.5 tells us that
KdV " ω 1,1 | KdV which is equivalent to the observation we made in § 3.3.1.
Some basic properties
4.1. Even and odd parts. Note that Theorem 3.2 describes the forms ω g,n completely while Theorem 3.1 just gives the purely odd part of their expansion. In this section we analyze the difference between odd and even parts of ω g,n .
The first easy statement is the following.
Proposition 4.1. If all forms φ g,n are odd in each variable, then the forms ω g,n defined by (43) are also odd in each variable -for pg, nq ‰ p0, 2q.
Proof. Indeed, consider the formula for ω g,n pz 1 , . . . , z n q given by Theorem 3.2. Dependence on the variables z a , a P 1, n , is expressed via the leaves of the underlying graphs. All leaves are attached to KdV-vertices. If a leaf is attached to a KdV-vertex of positive Euler characteristic, its contribution to the weight of the graph is purely odd, as it follows from Equation (36). The same is true in the exceptional situation when we have one p0, 1q-KdV vertex. So, the only situation that we have to consider is when the ith leaf is attached to a p0, 2q-KdV vertex. But in this case this p0, 2q-KdV vertex is connected by an edge e to a Φ h,k vertex (we excluded the case of pg, nq " p0, 2q).
Consider the piece of the graph that consists of this leaf, the p0, 2q-KdV vertex, and the internal edge that connects this p0, 2q-KdV vertex to a Φ k,h vertex. The contribution of this piece of the graph to the to the weight of the graph is equal (49) Res
for z a P U i . Since we assume that φ h,k is odd in each of its variables, the contribution of this piece of the graph is also odd in z i . Figure 8 . Diagrammatic representation of correlators as a sum over G l g,n for pg, nq " p0, 2q, p0, 3q and p1, 1q. We only indicate the genus of vertices when greater or equal to 1. It is not necessary to put a grey dot on p0, 2q, p0, 3q and p1, 1q-KdV vertices thanks to the no-renormalization Remark 3.10.
Let us restrict ω g,n (respectively, φ g,n ) to U i 1ˆ¨¨¨ˆU i,n . We can uniquely represent ω g,n (resp., φ g,n ) as a sum of 2 n forms, where each of these forms is either even or odd in each of its variable leaving in U i j , j P 1, n . Let us denote by ω g,no{ne (resp., φ g,no{ne ) the summand that is odd in the first n o variables and is even in the last n e variables, n o`ne " n. Since we assume the forms to be symmetric, we loose no generality when we make statements only about ω g,no{ne (resp., φ g,no{ne ).
The same argument that we used in the proof of Proposition 4.1 implies:
Lemma 4.2. The form ω g,no{ne is holomorphic in the last n e variables.
Proof. The only way ω g,no{ne depends on its last n e variables is through the formula given by Equation (49), and the forms φ g.n are assumed to be holomorphic. Now, in order to decouple the even parts of the forms ω g,n and φ g,n , we introduce a new notation. Let s i, , i P 1, s and ě 0 be formal variables. Define the operator
This operator substitutes formal variables ς i, instead of the terms ζ 2 `1 i dζ i in the expansions of (holomorphic) differential forms.
We introduce new differential forms,
Here by O paq we denote the action of the operator O on a-th variable. So, this way we recollect the dependence on all even variables in formal power series in ς a, . One exception for this definition is the case of ω 0,2 , where we modify in this way only the non-singular part.
An immediate consequence of the argument we used to proof Proposition 4.1 is the following statement. Note that in order to redefine φ 0,2 in this proposition one needs to re-define B in Equation (4) . This proposition explains completely how the even parts of the differential forms are decoupled.
4.2.
Elementary group action properties. The diagrammatic representation of § 3.5 has two main inputs: the weights assigned to KdV vertices, that we should now call "reference vertices", and the weights assigned to Φ-vertices. Proposition 4.3 allows us to restrict our attention only to the purely odd forms, and in this case the diagrammatic representation of § 3.5 is equivalent to the presentation in terms of differential operators given by Theorem 3.1, and we will use it throughout this section.
Lemma 4.4. Let us give a weight ω g,n to the reference vertices, and´Φ g,n to the Φ-vertices. Then, the sum over graphs compute ω g,n | KdV .
Proof. We can invert (26) :
Since the diagrammatic representation of § 3.5 follows from the first expression, we deduce that ω g,n | KdV as the same diagrammatic representation with the changes announced. And we remark that the position/degree of poles of ω g,n | KdV -that were used to perform the renormalization steps of § 3.6 -are the same in ω g,n .
Theorem 3.1 showed that any sequence of admissible correlators solution of the abstract loop equations can be expressed explicitly in terms of the KdV correlators. Instead of the KdV correlators, one could have chosen any other solution of the abstract loop equation, and obtain a similar expression.
Lemma 4.5. Let pω g,n q g,n and pω g,n | ref q g,n be two solutions of abstract loop equations. They are associated to KdV-blobs pφ g,n q g,n and pφ g,n | ref q g,n . Let us give a weight ω g,n | ref to reference vertices, and " φ g,n´φg,n | ref ‰ to Φ-vertices. Then, the sum over graphs computes ω g,n .
Proof. We write:
Since the p φ g,n form a commutative algebra, we have:
5. Variational formulae 5.1. Variation of α i . We study the action of the flow:
on the correlators. Its infinitesimal generator is B α i .
Proposition 5.1. For any g ě 0 and n ě 1:
Proof. The equation is obvious for pg, nq " p0, 1q and p0, 2q, so we assume now 2g2`n ą 0. The KdV vertices are homogeneous:
. . , z n q for z 1 , . . . , z n P U i , and 0 otherwise. With the dilaton equation -see (75) in Appendix -the right-hand side can be transformed into:
. . , z n q so (50) is true in the pure KdV case. In general, ω g,n is expressed as a sum over graphs in G g,n , and their weight depends on α i only via KdV vertices. Applying B α i amounts to sum over graphs Γ in G g,n together with a marked KdV vertex, and replace the weight of this KdV vertex in ω Γ g,n by (51). By attaching a new leaf labeled n`1 to the marked KdV vertex, we obtain in this way all graphs Γ in G g,n`1 exactly once, and represent B α i ω g,n as a sum over G g,n`1 . According to (51), since the weights given to graph is a product of local weights, the weight given to Γ in this sum is:
hence the result by summing over Γ.
General variations.
For any h ě 0 and k ě 1, we can consider the deformation of the initial data and the blobs by holomorphic k-forms. If κ h,k P H 0 pΣ k , K bk Σ q S k , we define the infinitesimal generator δrκ h,k s of the flow:
In this paragraph, we restrict to κ 0,1 behaving like Opζ 3 i dζ i q in the open set U i , so that the flow preserves the quadruple zero of Φ 0,1 assumed in (42), and the diagrammatic representation of Section 3 holds for any t P R. The flow changing the coefficient of the double zero of φ 0,1 was studied separately in § 5.1, but is at the end governed by the same formula. So we will state Theorem 5.2 below in full generality.
Let us define:
where the integral up to z P U i should starts from the point p i . And conversely we have:
where ζ i, is a local coordinate in U i such that xpz q " ζ 2 i, {2`xpp i q. Let us compute the variation of ω g,n using the diagrammatic representation of (47). By construction, we always have:
For ph, kq ‰ p0, 1q, we deduce:
KdV " 0 but since the l is a renormalization by Φ 0,1 -vertices, it is affected by p0, 1q flows (see Figure 9 ). We have for 2g´2`n ą 0,
where for a set I, we put z I " pz i q iPI . This formula is also valid for pg, nq " p0, 2q and p0, 1q. Indeed, the p0, 2q-KdV vertices are not renormalized so the left-hand side vanishes, and in the right-hand side, ω 0,3 | KdV has a double pole, so its pairing with Φ 0,1 which has atmost a quadruple zero gives zero. For pg, nq " p0, 1q, (55) coincides with formula (54). Figure 9 . If there are m Φ 0,1 -vertices in the left-hand side, the graph comes with symmetry factor 1{m! ; since there are m ways to replace one Φ 0,1 -vertex by a K 0,1 -vertex, it becomes a 1{pm´1q! in the right-hand side, which is also the symmetry factor of the graph. This is summarized by the second graphical equation.
Let us define:
(56) E g,n;h,k pz r1,ns ; w r1,ks q :"
In this sum, J is a partition of 1, k into rJs non-empty subsets, while I is a partition of 1, n into possibly empty subsets. s J,I,h is the symmetry factor of this data.
We remark that the sum itself is empty -and the corresponding E equal to zero by convention -if 2h´2`k ą 2g´2`n, or if 2h´2`k " 2g´2`n but h ą g. In the maximal case ph, kq " pg, nq, we have: E g,n;g,n pz r1,ns ; w r1,ns q " n â i"1 ω 0,2 pz i , w i q so its pairing with K g,n produces κ g,n itself, as expected. In the minimal case ph, kq " p0, 1q, we have:
E g,n;0,1 pz r1,ns ; wq " ω g,n`1 pz r1,ns , wq ph, kq " p0, 2q is an example with non-trivial symmetry factor:
E g,n;0,2 pz r1,ns ; w 1 , w 2 q " 1 2 " ω g´1,n`2 pz r1,ns , w 1 , w 2 q ÿ JĎr1,ns 0ďg 1 ďg pJ,g 1 q‰pH,0q,pI,gq
We find the variational formula: Theorem 5.2. For n ě 1 and g ě 0:
(58) δrκ h,k s¨ω g,n pz r1,ns q "
E g,n;h,k pz r1,ns ; w r1,ks q K h,k pw r1,ks q In Section 6, we define ω g,0 :" F g in a way such that (58) also holds for n " 0, see Corollary 6.1.
Proof. In a graph Γ P G g,n , the variation δrκ h,k s amounts to replacing one of the Φ h,kvertices by a vertex with a weight K h,k , and sum over all possible ways to do this substitution. When working with reduced graphs Γ P G l g,n , one has to distinguish whether ph, kq " p0, 1q or not. For ph, kq " p0, 1q, we have seen that the variation is equivalent to adding an edge to one of the renormalized KdV vertex, and pair it with a K 0,1 -vertex (one can check that the symmetry factors are automatically accounted for). So, we exactly get (58) with (57). If ph, kq ‰ p0, 1q, let us consider the graph Γ 1 obtained after removing of the vertex targeted by the substitution, and considering as new leaves the edges that we had to cut. This graph will in general have r ě 1 connected components Γ . The only constraints is that ph i , n i q ‰ p0, 1q, since in the initial graph Γ, there were not p0, 1q-KdV vertex. Translating this decomposition into weights, we see that the weight of δrκ h,k s¨ω Γ,l g,n is the sum over all possible choice of a Φ h,k -vertex of Â r i"1 ω
Summing over all initial graphs Γ P G g,n and thus all Γ 1 i , one recognizes (58) with E's defined in (56) (see Figure 10 ). Figure 10 . The variational equation for ph, kq ‰ p0, 1q.
6. Free energies 6.1. Definition of F g . The graphical formalism developed in § 3 allows also to define numbers pF g q gě0 , called the "free energies", as was done for the usual topological recursion in [17] . Indeed, we can extend the definition of the weight of the graph given by Equation (41) to graphs without leaves. At this occasion we also waive the condition that vertices have positive valency. We should then complete the definition by giving weight to pg, 0q KdV and Φ-vertices. For the KdV vertices, a natural convention is to take the orbifold Euler characteristic of M g,0 [23] F g | KdV :" ω g,0 | KdV :" p´α i q 2´2g χ orb pM g,0 q " p´α i q 2´2g B 2g 2gp2g´2q in terms of the Bernoulli numbers B 0 " 1, B 2 "´1{6, B 4 " 1{30, etc. And for Φ-vertices, we choose arbitrary numbers Φ g,0 . Then, we extend Equation (43) for n " 0:
With this definition, F g always contains the two terms F g | KdV`Φg,0 , and this is the only contribution where 0-valent vertices are involved. The combinatorial relations (45) imply that F 0 and F 1 contain no other terms. The first non trivial graphs appear for g " 2 (see Figure 11) . The combinatorial arguments leading to the variational formula of Theorem 5.2 work in the same way for F g :
To summarize, to any solution pω g,n q g,n of abstract loop equations, and any sequence of integration constants Φ g,0 P C, we have defined numbers ω g,0 :" F g so that the variational formula of Theorem 5.2 is valid for any g, n. Figure 11 . The graphs in G l g"2,0 .
6.2. Expression in terms of graphs with leaves. We are going to prove another representation of the F g 's Theorem 6.2. For g ě 2:
The expressions for E's are given in Equation (56). The proof shows that the sum truncates at h ď g and involves a finite number of terms. In particular we have E g,1;0,1 pzq " ω g,1 pzq. For the usual topological recursion, φ h,k ‰ 0 for ph, kq ‰ p0, 1q and p0, 2q, and we retrieve the definition of F g 's given in [17] :
The starting point for the proof is to establish a dilaton-type equation for renormalized KdV vertices: Lemma 6.3. For any g ě 0 and n ě 1:
Proof. This is Theorem 4.7 in [17] , but to be self-contained, we give a proof here. For pg, nq " p0, 2q and p0, 1q, this follows directly from the expression (39) of ω 0,3 | l KdV " ω 0,3 | KdV . Now we assume 2g´2`n ą 0. We also assume all variables z 1 , . . . , z n to be in the same U i , otherwise the result is trivial since both sides are 0. In the pure KdV case, 
computed by Proposition 6.1:
The terms ph, kq " p0, 1q are excluded from the sum, and p0, 2q does not appear because of the Euler characteristic in prefactor. By the argument already used in Lemma 3.6, we know that for a given g, the genus and valency of the Φ vertices involved in a graph of G g,0 is bounded, the sum in (63) has only finitely many terms.
On the other hand, since all KdV vertices of a given graph Γ P G g,0 are marked in the expression p E KdV¨Fg , we also have:
where G 1 g,0 is G g,0 minus the graph with a 0-valent Φ-vertex and no KdV vertices. Likewise, since p E Φ is just marking all Φ-vertices:
Putting together (64) and (65):
Since we have computed the left-hand side independently in (61) and (62), we obtain a formula for F g if g ‰ 2 (the case g " 0 is trivial). To get the claim of Theorem 6.2, we remark that (61) is nothing but the p0, 1q term missing in (62). l Remark 6.3. For the usual topological recursion, the proof stops at (64): only p0, 1q-and p0, 2q-Φ vertices can occur, so χ Φ pΓq is always 0, and by comparison with (61) we find (60).
7.
Multi-trace matrix model 7.1. Definition. Consider the partition function of the one hermitian matrix model
N is the space of hermitian matrices of size N , and dM its canonical Lebesgue measure:
The k-th linear potential is given by:
piq is a k-th tensor product consisting of identity matrices, except for the i-th factor which is a matrix M . In other words, in terms of the eigenvalues µ 1 , . . . , µ N of M :
Let us introduce the disconnected correlators:
Again, we replace by convention any factor i " 0 by 1 in this formula. The connected correlators are defined as:
, . . . , Tr 1
Cum n pO 1 , . . . , O n q is the cumulant expectation value of the observables O 1 , . . . , O n .
7.2.
expansions. We keep the product N " u fixed. The formula (66) can be considered either:
piq as a convergent matrix integral, producing a function Z pu, tq. This puts restrictions on the choice of T k so that the integral converges for all sizes N . piiq as a formal matrix integral near a convergent data. We set t " t ini`τ where t ini is chosen such that the matrix integral for t ini is convergent. Then, we consider Z ptq{Z pt ini q as a formal series in τ : we expand the exponential as a power series in τ , and exchange the sum with the integral over H N . We obtain a formal series in τ whose coefficients are proportional to moments for the probability measure with k-linear potentials T ini k on H N . A particular case piiq-G occurs when t ini 2 is the only non-zero time, i.e. we expand around a Gaussian measure on H N . In cases piiq, we choose in general t ini independent of , but τ itself could depend on , i.e. we rather introduce a collection pτ phhě0 of formal variables, such that in total we have an equality of formal series:
This allows a combinatorial interpretation of the model in terms of maps (discrete surfaces), where is coupled to minus their Euler characteristics, and u coupled to the number of vertices, see § 7.6. Definition 7.1. We say that the correlators have an expansion of topological type (TT property) if:
In case piq, under a few extra assumptions, some non-trivial analysis is necessary to study the Ñ 0 all-order asymptotic expansion of the partition function. It is proved in [7, 8] in the off-critical, one-cut case, the TT property holds and (67) is an asymptotic (in general non-convergent) series. In the multi-cut case, the TT property does not hold, for instance one has W n P Op1q when Ñ 0 for any n ě 2. This case is rather interesting and also related to abstract loop equations, but we defer to future work its study in light of the present article. piiq is basically a perturbation theory around Z pt ini q, and the case piiq-G where we perturb around the Gaussian weight is the most commonly studied. As reviewed in [2] , in the case piiq-G, the correlators W n can a priori defined as elements of R :" ´1¨Q rτ srrussrrx´1 1 , . . . , x´1 n ssrr ss, and there exists formal series W g,n P Qrτ srrussrrx´1 1 , . . . , x´1 n ss Ď R such that (67) holds as an equality in R. It is indeed a fact following from Euler characteristic counting that, to a given order in τ , only finitely many powers of contribute.
Remark 7.2. In case piq, the TT property for the partition function should be formulated as follows: there is an expansion of the form ln Z ptq " C `ř gě0 2g´2 F g ptq where C is a locally constant function of t in the domain where the asymptotic expansion holds. 
It can be proved by integration by parts, see e.g. [2] . In Laurent expansion at x Ñ 8, if we collect the terms of order x´p m`2q for m ě´1, we find that:
By convention, we set Bt l " 0 for l ă 0. L (71) ω g,n pz 1 , . . . , z n q "ˆW g,n px 1 , . . . , x n q`δ g,0 δ n,2 pxpz 1 q´xpz 22˙d xpz 1 q¨¨¨dxpz n q are initially defined for z i outside the unit disk. They actually extend to meromorphic forms on Σ, with poles only at the ramification points z "˘1 -and a simple pole at 8 for ω 0,1 , which satisfy abstract loop equations. This is proved as a consequence of the Schwinger-Dyson equations.
The term we identify with H 1 ω g,n in light of Section 2, is computed in [2, Equations 5.5 and 4.13] in terms of the k-linear potentials
3
. It takes the form of a sum over graphs, described hereafter:
On the other hand, we know from Theorem 2.2 that ω g,n is determined in terms of its purely holomorphic part ϕ g,n " H 1¨¨¨Hn ω g,n . To compute it in terms of the k-linear potentials, we need to project (72) to the holomorphic part in the variables z 2 , . . . , z n . The final result is:
Proposition 7.2. For 2g´2`n ą 0, we have:
is the set of bipartite graphs Γ with the following properties ( Figure 17 ): 3 We underline that ř 1 in [2, Equation 4 .13] excludes the term T 0,2 , so only T h,k with 2h´2`k ą 0 are involved. In this equation, there is a misprint in the condition on genera, which should read h`ř f i`k´1´r Ks " g. We also point that the prefactor 1{4iπ in [2, Equation 5 .5] is erroneous and should be replaced with 1{2iπ.
‚ vertices v are of type ω or τ , and carry a genus hpvq, such that 2hpvq´2`dpvq ą 0. ‚ dashed edges can only connect ω vertices to τ -vertices. ‚ Γ is connected and b 1 pΓq`ř v hpvq " g. According to its type, a vertex v has local weight ω hpvq,dpvq , or τ hpvq,dpvq given by (73)-(74) in terms of the matrix potentials and the ω h 1 ,k 1 with 2h
1´2`k1 ă 2hpvq´2`dpvq. The internal edge variables are integrated out with the pairing (8).
Proof. Plant T g,n p1q is a set of bipartite graphs Γ with the following properties: ‚ the set of vertices consists of one root vertex, and a set of ω vertices. Each vertex v carries a genus hpvq. The root vertex must have 2hpvq´2`dpvq ą 0, but we do not impose such conditions for ω vertices. ‚ Edges are dashed, and can only connect the root vertex to ω vertices. ‚ There are n leaves labeled from 1 to n, and they must be incident to ω vertices.
Besides, the leaf labeled 1 is incident to a ω 0,2 -vertex, which is itself incident to the root vertex. ‚ The leaf labeled 1 is incident to a ω 0,2 -vertex, which is incident to the root vertex. ‚ There are n´1 other leaves labeled from 2 to n. The leaves with label a P A must be incident to the root vertex, and the leaves with label b P B must be incident to a ω-vertex. There is no restriction for leaves labeled by c R A \ B. ‚ All ω vertices must be incident to at least one leaf. ‚ Γ is connected and b 1 pΓq`ř v hpvq " g. We attach leaf variables z 1 , . . . , z n outside γ, and integration variables z e . To a vertex v with set of incident variables Zpvq, we assign a local weight T hpvq,dpvq pZpvqq if it is the root, and ω hpvq,dpvq pZpvqq otherwise. The root vertex can be attached to ω-vertices with no external legs. It is convenient to resum all these contributions by defining a "dressed" root vertex of genus h and valency k, with local weight:
Here, Z 1 j :" tz 1 j,m , m P 1, j u, the z 1 , . . . , z k are outside the contour, and to define properly the integral in case some ω 0,2 appear, we choose the contours such that p|z 1 q,i |q q,i is decreasing with lexicographic order on pq, iq. By symmetry of ω 0,2 and T , the result does not depend on this order. Remark that, for a given h 0 , we can attach an arbitrary number of ω 0,1 's to the T without changing the topology. For instance, in genus 0 we have for k ě 3: Figure 13 . H 1 ω g,n according to [2] , in terms of the dressed T -vertices. The black vertices are ω's.
H 1 ω g,n is then represented as the sum over the graphs Γ in Plant T g,n p1q such that all ω vertices are incident to at least a leaf. In this new sum, the weight of Γ is produced like T Γ , but assigning T ‚ as local weight for the root vertex. In particular, the first condition ensure that no ω 0,1 -vertex, and thus there are finitely many graphs. We now compute ϕ g,n by projecting to the holomorphic part the variables carried by the leaves 2, . . . , n. It amounts to replacing the weight of a ω-vertex v by H Apvq ω hpvq,dpvq , where Apvq is its (non-empty) set of incident leaves. We can write:
and we compute the summands with (20) . They only involve ϕ h 1 ,d 1 's and ω g,n is the set of graphs Γ with the properties: ‚ Vertices v are of type ω or T ‚ , carry a genus hpvq, and the valency dpvq should satisfy 2hpvq´2`dpvq ą 0 for type T ‚ , and 2hpvq´2`dpvq ě 0 for type ω. ‚ Edges are either dashed or plain. Dashed edges can connect ω and T ‚ vertices, while plain edges can only connect a ω 0,2 -vertex to a ω h,k -vertex with 2h´2`k ą 0. ‚ Cutting a plain edge cannot disconnect the graph. ‚ There are n labeled leaves: they must be incident to a ω 0,2 -vertex which is itself incident to a T ‚ vertex. ‚ Γ is connected and b 1 pΓq`ř v hpvq " g.
The weight
T ‚ Γ is computed by integrating out the edge variables with The last step is to get rid of the internal ω 0,2 -vertices. They are incident either to a ω h,k -vertex with 2h´2`k ą 0 and a T ‚ -vertex, or to two T ‚ -vertices. If we remove all ω vertices but the p0, 2q, and contract the internal p0, 2q, we get connected components which are can be arbitrary graphs formed on T ‚ -vertices. Therefore, it suggests to define: (74) τ g,n pz 1 , . . . , z k q " . Resumming the graphs of T ‚ -vertices (Figure 17) , we obtain the representation of Proposition 7.2 that contains only τ -and ω-vertices with 2hpvq´2`dpvq ą 0.
7.6. Combinatorial interpretation (stuffed maps). We agree that an elementary 2-cell is an (isomorphism class of) oriented topological surface of genus h with k labeled boundaries B 1 , . . . , B k , with a set O i Ď B i of marked points labeled from 1 to i " |B i | (the labeling should respect the cyclic order along the boundary). We call "edge" the closure of the connected components of B i zO i in B i . i is the perimeter of B i . A 2-cell with topology of a disk is called "face".
We consider (isomorphism classes of) graphs embedded on oriented surfaces, built with the following rules:
‚ take a finite collection of elementary 2-cells of arbitrary topology and perimeter lengths ; for each i P 1, n , add to this collection a marked face with label i. ‚ take a pairing of edges with opposite orientations, and glue the elementary 2-cells according to this pairing. The result is an oriented topological surface S , with n marked faces with perimeters 1 , . . . , n . The union of boundaries of the elementary 2-cells is an embedded graph G in this surface.
If all elementary 2-cells have the topology of a disk, pG , S q is called a "map". The model with elementary 2-cells of arbitrary topology are allowed was introduced in [2] , and pG , S q was called a "stuffed map", as a reference to its nested structure. The weight of a stuffed map pG , S q is a product of Boltzmann weights:
‚ for each elementary 2-cell of topology ph, kq with perimeter lengths 1 , . . . , k and which is not a marked face, we put a weight t h; 1 ,..., n ; ‚ for the i-th marked face with perimeter i , we put a weight x´p i`1 q i ; ‚ for each vertex, we put a weight u ;
and we divide by the number of automorphisms of pG , S q. Then, the techniques of [10] show that W g,n px 1 , . . . , x n q defined in § 7.2 is the generating series of all connected stuffed maps of genus g with n boundaries. In W 0,1 pxq, we add by convention the term u{x, corresponding to a single vertex embedded in the sphere -we considered that the Figure 14 . Recursive relation for ϕ in terms of T ‚ . The black vertices with a label P have local weight ω P . To exemplify the properties of the graphs solving this recursion, we have displayed in the second line the second step of the recursion in a case where two steps is enough to convert all ϕ's to T ‚ . The light-gold (resp. gold) colored domain is the ϕ's revealed at the first step (resp. at the second step). The labels 2, . . . , 17 have no other meaning than facilitating the comparison between the first and second line. Then, many equations in § 7.5 acquire a clear combinatorial interpretation 4 : the series expansion (in the variable x i " xpz i q) of T ‚ g,n at 0 and of τ g,n and ϕ g,n at 8 count stuffed maps with particular properties read from the graphs. For instance: 4 The shift in (71) for p0, 2q does not play a role here, because it is even with respect to the involution σ, while T is holomorphic and even in a neighborhood of γ, and σpγq is homologically equivalent tó σpγq in this neighborhood. So, replacing ω 0,2 pz 1 , z 2 q by W 0,2 px 1 , x 2 qdx 1 dx 2 does not change the weight of the graphs in § 7.5.
‚ ϕ g,n is the generating series of stuffed maps of genus g with n marked faces in which, after removing all elementary 2-cells with stable topology (i.e. 2h´2k ą 0), the marked faces are in disjoint connected components, which have the topology of a cylinder (Figure 17 ). ‚ ω P g,n is the generating series of stuffed maps of genus g with n marked faces in which, for each i " 1, . . . , n, a cycle homologous to the boundary of the i-th marked face has been marked.
Since we have shown in Section 3 that ω P g,n is expressed in terms of intersection numbers on M g,n , it would be interesting to know if such a representation has a combinatorial interpretation in terms of combinatorics of maps.
